A phenomenological treatment of surface second-harmonic generation that can be applied to a host of geometries of interest is presented. We consider four standard experimental geometries and show that the expressions for the surface second-harmonic generated power can all be written in one compact form, from which the dependence of the signal on polarization, angle of incidence, and other experimental parameters can be extracted. The bulk secondharmonic generation is also included with this formalism, as we show explicity for one geometry.
INTRODUCTION
In recent years second-harmonic generation (SHG) has attracted much interest as an experimental method for the investigation of surfaces and surface phenomena.' The intensity and polarization properties of the second harmonic are measured in reflection or transmission as a function of such parameters as the polarization properties, frequency, and angle of incidence of the fundamental. To extract the surface nonlinear susceptibility tensor, and hence information about the surface, or alternatively to predict the outcome of an experiment, a suitable theoretical framework is required. The first approach to the problem was due to Bloembergen and Pershan, 2 who considered the nonlinear optical properties of a slab of material that, in the limit of zero thickness, could be taken as a model for a surface. Some time later Heinz 3 gave an expression for the secondharmonic power in terms of the surface nonlinear susceptibility and the properties of the fundamental beam. The derivation proceeds by obtaining and applying the appropriate boundary conditions for an induced dipole sheet. This result has been quoted often in the literature, but, to our knowledge, despite the growing interest in SHG, no complete derivation listing the assumptions has been provided. Further, although the expression of Heinz is correct for the particular reflection geometry considered, it is not so straightforward to generalize this approach to other cases of interest. In this paper we present a phenomenological method for treating surface second-harmonic generation. This method uses a dipole sheet as a model of the surface second-harmonic source and a Green function approach based on s and p components of the electromagnetic field. 4 The important forbidden bulk contribution is incorporated in the treatment in a natural way, as we show in Section 4.
After we confirm the result obtained by Heinz 3 in the one geometry that he considered, we apply the method to three other useful experimental geometries. In retrospect, some aspects of the resulting expressions for second-harmonic power involving Fresnel coefficients are physically apparent. Nonetheless, they are presented here for the first time in a concise and convenient form. We believe that our treatment of the problem will serve as a useful reference, particularly for new researchers in the field.
The outline of the paper is as follows. In Section 2 we describe the model and give the essential results needed to solve it. In Section 3 we solve the model for the four experimental geometries of interest and show that all the results can be put in the same compact form. The key result for all four geometries is summarized by Eq. (3.31), used in conjunction with Table 2 below. In Section 4 we show how the method may be used to include the bulk contribution arising from electric quadruple-and magnetic dipole-mediated SHG and discuss some features of the results. Our results are summarized in Section 5.
THE MODEL
To model the electromagnetic properties of a surface, it is useful first to consider a polarization sheet of the form P(r, ) = P KixR eiwt + C.C., (2.1) where R = (x, y) and ic is real. We initially assume that the sheet is embedded in a uniform medium of (complex) refractive index n. It has been shown in detail 4 that the solution of the Maxwell equations with a source term [Eq. (2.1)] can be written, at points z 5d 0, as E(r, t) = E(r)e-iwt + c.c.,
where (z) = 0, 1, as z < 0 or z > 0. Here is the corresponding downward wave, illustrated in Fig. 1 , of wave vector
The unit vectors specifying the s-and p-polarization components in Eqs. (2.3) and (2.5) are given by
even if n or w is complex. The s and p components of the waves were shown 4 to be given by
The component of the wave vector of E(r) in the x-y plane (i.e., the plane of the polarization sheet) is of course always the same as that of the polarization sheet, even if the surrounding medium is dispersive.
In presenting the results [Eqs. (2.2)-(2.9)] we have taken the polarization sheet [Eq. (2.1)] to be oscillating at some frequency . But in the following discussion we find it convenient to use c exclusively to denote the fundamental frequency and K to denote the component of the incident wave vector parallel to the surface. Then the nonlinear generated polarization is oscillating at Q 2 and will be characterized by a wave vector parallel to the surface K 2 K.
We can carry over Eqs. (2.1)-(2.9) simply by replacing the lowercase symbols (, a, K, n, w, pa, s) with uppercase symbols (Q, Q, K, N, W, P, ,) (we always have S = A To use the resulting equations to describe SHG, we treat the region that contributes to surface SHG as an induced nonlinear polarization sheet sitting in vacuum at z = 0+, P 2 w(r, t) = P 2 w(R)(z -0+)e-i2t + c.c., (2.10) just above a thick slab of linear dielectric medium of (possibly complex) dielectric constant E, where, in general, E(w) #d E(2w). The slab is presumed to fill the space from z = 0 to z = -T (see Fig. 2 ), and the polarization sheet, whose linear optical properties we neglect in calculating the fundamental field in the medium (see Ref. 5) , is induced by a surface nonlinear susceptibility tensor Xs,
where the fundamental electric field is given by EW(r, t) = EW(r)eiwt + c.c. In keeping with the usual convention, 6 ' 7 xs is defined with respect to the electric field at z = 0-just inside the linear substrate. This definition is not essential, and a convention in which Xs is defined with respect to the vacuum field would merely lead to a resealing of the components of Xs.
We take the incident beam to be represented by a plane wave (Gaussian profiles will be considered in Section 3), so the fundamental field is of the form E'(r) = EW(z)e (2.13) and the formalism of Eqs. (2.2)-(2.9), at frequency , may be used to calculate the field generated. The dipole sheet is in vacuum (n = N = 1), but the optical properties of the nearby substrate must be taken into account. Consideration of the nearby substrate can be done by introducing the Fresnel coefficients, which we do in Section 3.
CALCULATION OF SURFACE SECOND-HARMONIC GENERATION
In this section we calculate the second-harmonic light generated by a surface, in terms of the surface nonlinear susceptibility [Eq. (2.11)] and the parameters of the fundamental light. We consider four experimental geometries, which are illustrated in Fig. 3 . Recall that we are treating a thick slab of dispersive linear dielectric material and, for clarity, we are assuming that only one surface is active in SHG. In practice, one generally achieves a geometric separation of the front and back surface contributions or prepares a sample in which one surface dominates (owing, for example, to the deposition of molecules that show resonant enhancement at the frequencies used on the active surface). The effective restriction to one active surface is desirable to avoid ambiguity in the interpretation of experimental results; if necessary, the theory can be extended to consider the more general case. As Fig. 3 indicates, the fundamental is presumed incident upon the slab, either from above or below, in the y = 0 plane, and we take = . Before proceeding it is convenient to define a number of variables that we use. To account for the linear properties of the substrate, we need a full set of complex Fresnel transmission and reflection coefficients to describe the amplitude and phase change in the electric field when crossing a boundary. Let tif be the Fresnel coefficient for transmission of the fundamental from medium i to medium j for s-polarized light; rifs is the corresponding reflection coefficient, and tjP and rijP describe p-polarized light. We let i or j equal to 0 denote the vacuum, and i or j equal to m denote the linear medium (i.e., the thick substrate), so that, e.g., tmP is the Fresnel transmission coefficient for p-polarized light passing from the vacuum into the substrate. In what follows, capital letters refer to the second-harmonic wave. For example, Toms is the Fresnel transmission coefficient for s-polarized light crossing from the vacuum to the medium at Q = 2w. The Fresnel coefficients can be written in a form that is valid regardless of whether the dielectric constant is complex, and they are given in Table 1 . Also relating to notation, a subscript 0 indicates that the quantity is referred to the vacuum, so that, e.g., P 0 indicates the unit vector for p polarization for the second-harmonic wave propagating downward in the vacuum. A vector with no index refers to the slab, so that, e.g., p_ indicates the unit vector for p polarization for the fundamental wave propagating downward in the medium. We first consider geometry I in Fig. 3 (a), the usual reflection geometry used in surface SHG. The fundamental field incident from the vacuum is given by Einw The x = component of the wave vector does not change in crossing the boundary because of the translational invariance in the plane. In addition, we may ignore the reflection at the z = -T interface for a thick slab, since we may expect a clear separation of the front and back surface reflections when using a laser (confined beam) light source. This assumption would not hold for a thin-film substrate, where multiple reflections must be included. We can identify
Putting this expression into Eq. (2.10), we can write Now we may calculate the upward-propagating secondharmonic field that is generated by the nonlinear polarization sheet. Two contributions need to be considered. First, there is the directly generated upward-propagating wave, which is given in terms of the nonlinear polarization [Eq. (3.6)] by Eq. (2.3) with Eqs. (2.7) and (2.8). Second, part of the downward-propagating wave, given by Eq. (2.5) with Eqs. (2.7) and (2.9), will be reflected upward by the first vacuum-substrate interface at z = 0. As for the fundamental light, we ignore reflection at the z = -T interface for a thick slab. , the well-known result that the second-harmonic wave is emitted at the specular reflection angle follows; this conclusion does not hold if the vacuum is replaced by a dispersive medium.
Before proceeding, we wish to stress that, in the phenomenological description of SHG, the polarization sheet [Eq. (3.6)] is placed at z = O, above the interface at z = 0. In Eq. (3.7) we have written the second-harmonic field only for z > 0+. However, in a similar manner we can write the field for 0 < z < 0+, which consists of the downward-propagating wave mentioned above and the upward-propagating reflected wave. That total field and the second-harmonic field in the medium [which is evaluated in connection with geometry II; see Eq. (3.19) below and Fig. 3(b) ] satisfy the usual Maxwell saltus (boundary) conditions at z = 0, where there are no sources, as discussed in Sec. 4 Since the vacuum is dispersionless, we have
where Oj, is the angle between the wave vector of the incident fundamental and the surface normal, as indicated in Fig. 3 . Also indicated in Fig. 3 however, we may expect that the generated second harmonic will have a distorted profile, and a more careful treatment is needed. In general, and whatever the fundamental beam profile, there will be some effective area that takes the place of A in Eq. (3.14), but it would have some dependence on Oin.
We now proceed to geometry II, illustrated in Fig. 3(b) , where the first surface is nonlinear active, but we observe SHG in transmission. From a practical perspective, one would usually require a real e(2w) so that the second harmonic passes through the medium unattenuated. This limitation is not theoretical, however. On the other hand, there is no practical difficulty if e(U) is complex, corresponding to a substrate opaque at the fundamental frequency. Indeed, for such a case this geometry permits an automatic separation of the second harmonic from the fundamental.
As in geometry I we have an induced nonlinear polarization given by Eq. (3.6), with the incident fundamental fields given by Eqs. (3.1)-(3.5). This time, however, we are interested only in the downward-propagating wave given by Eq. (2.5) with Eqs. (2.7) and (2.9). [Recall that, in our present notation, the generated fields are at 2X; see discussion after Eq. (2.9).] When we combine these equations we find that the second-harmonic field radiated downward is, in the medium, given by 2 . The effects of the interface are described by the Fresnel coefficients. For this field to be observed it must propagate to the second interface at z = -T (3.12) and then cross back out into the vacuum. The output field is then given by ). An additional factor is now included, exp[-2 Im(W)T], which accounts for the absorption of the second harmonic in traversing the thick slab. Because in practice one would tend to work with a transparent substrate (at 2w) in this geometry, and because doing so will make possible a compact presentation of the results for the four geometries, we will assume that Im(W) = Oat this point. There is, however, no particular difficulty in keeping this factor if desired. Thus our result reduces to P(2') = 32 3 A sec 2 
10). We finally obtain
This equation is of the same form as Eq. (3.14) for geometry I, but again e 2 w is defined differently in this case; as in geometry I, this result holds for Gaussian beams when the replacement A -7rrO 2 is made in Eq. (3.22). In the more general case, where absorption of the light at 2w is present, the correct treatment of attenuation makes the problem of treating a finite beam, when that beam radius is of the order of or less than the thickness of the slab, more difficult.
Next, we consider geometry III [see Fig. 3(c) ]. This geometry is essentially the same as geometry II except that the beam now comes up from below the slab, and the beam intersects the second surface rather than the first; the second surface is presumed to be nonlinear active. Such a geometry would be convenient if the substrate were opaque at 2, especially since any first surface contribution would not then propagate to the second surface. For practical purposes, one would usually require a real (w), which we assume for convenience.
For this geometry the incident field in vacuum is, in contrast to Eqs. (3.1) Finally, let us consider geometry IV of Fig. 3(d) . In this case the fundamental beam comes from below the slab, and the second-harmonic beam is observed in reflection as it exists from below. In practice one would usually require that e(w) and E(2o) be real, which we assume for simplicity. The incident field in the medium is given by Eqs. (3.24)-(3.26), just as for geometry III. The field radiated down into the substrate is given by (3.30) where H-is again given by Eq. (3.16) as in geometry II but where the is the same as in geometry III. For the second-harmonic field to be observed it must again cross the z = -T interface back out into the vacuum. The expression for the output field is formally the same as in geometry II [see Eqs. (3.17) and (3.18)] but uses the P and eO of geometry III. When we carry the calculation through as before, we obtain finally the same functional form as in the previous cases for the second-harmonic power [Eqs. (3.14) , (3.22) , and (3.29)] but with the ew given by Eq. (3.26) and the e 2 w given by Eq. (3.20) . In this geometry, sin Om() = (sin in)//E(() and sin Om(2co) = (sin OinE)-(2&,), where Om(c) and Om(2w) are defined in Fig. 3 
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and we understand that the particular form of e and e 2 w depends on which of the four geometries is used. The appropriate e and e are summarized in Table 2 . To evaluate this expression correctly, one needs the appropriate Fresnel coefficients that go into the e and e 2 w of Table 2 . These are presented compactly in Table 1 and Table 2 , is complete, and given Xs may be used to calculate directly the second-harmonic power from a surface as a function of such parameters as Oin, the polarization of the fundamental, and the observed polarization of the second harmonic. Throughout the rest of this paper we will, for simplicity, consider a Xs that is applicable to a surface of 4 mm or higher symmetry. This corresponds to the case of highest symmetry for xs and would describe the surface of an amorphous solid, a liquid, or certain crystal surfaces. In this case there are at most only three independent components of xs, which can in general be complex. We will refer to these as xs± -ii We pause here to compare our results with those of previous workers. Heinz 3 has worked out the equivalent of Eq. (3.31) for the special case of geometry I. He models the surface by considering the boundary conditions that apply in the zero thickness limit of a layer of nonlinear polarizable material. We can verify that in that case the proper correspondence between his calculation and ours is
where XH may be interpreted as the product of a bulk second-order susceptibility and the thickness of the layer, taken to be much less than the wavelength of light, and e' represents the linear dielectric constant, which Heinz associates with the layer. The physics behind the correspondence of Eq. (3.33) is understandable: because xH is essentially a bulk susceptibility, it relates the second-harmonic polarization to the fundamental field inside the thin layer. The convention [Eq. (2.11)], on the other hand, relates the second-harmonic polarization to the field in the substrate just beneath the thin slab. Because the tangential component of the electric field and the normal component of the displacement field are continuous, in moving from substrate to thin layer, the dielectric constants in Eq. (3.33) appear. In our approach it is unnecessary to define an e' for the thin layer.
In fact, to deduce effective values for XH correctly from an experiment requires some ad hoc assumptions about the appropriate '(w) and '( 2 co) to use, which cannot be determined from a measurement of SHG. Recent published works (see, e.g., Ref. 9) based on the Heinz formalism (presented in Ref. 10) , in which experimental determinations of xH are presented, fail to mention these underlying assumptions. Since the authors of Ref. 9 note only the values of XH and not the e'(X) and '(2w) that they have assumed, it is impossible to calculate the second-harmonic signal expected, rendering the information that they give of limited usefulness to the reader.
Finally, we note that in a recent calculation Dick et al." begin with an expression relating the second-harmonic electric field to the nonlinear polarization in a layer of nonlinear polarizable material. This expression was worked out correctly by Bloembergen and Pershan 2 originally and includes multiple reflections of the second-harmonic field within the layer. This point is essential since Dick et al. use the thinfilm limit of this expression to model the surface. A consistent calculation would require them also to include multiple reflections for the fundamental field within the slab, but this they do not do. Therefore the results of Dick et al. are in disagreement with those of Heinz, and our own, and their interpretation of their experimental results must be considered suspect.
BULK CONTRIBUTION
Thus far we have restricted our attention to SHG from the surface of the medium. In fact, even for a centrosymmetric medium, there can be a nonnegligible contribution from the bulk substrate from terms of quadrupole and magnetic dipole form. These contributions have been discussed in some detail by previous authors.' 2 For the simplest case of an isotropic substrate, we may model the induced nonlinear polarization of the bulk by an expression of the form
where the scalar parameter YB serves as a meaure of the nonlinear bulk response of the medium. Other terms besides that of Eq. (4.1) exist in an isotropic medium, but only Eq. (4.1) leads to a nonvanishing contribution if the medium is uniform and the field in the medium is a single plane wave.
If such terms are present, the second-harmonic field they generate can also be calculated by the approach we describe below.
We consider only geometry I of Fig. 3 , where the fundamental field inside the medium is given by
where ew is specified by Eq. . We may then use the Green function formalism, remembering now, however, that the source terms are in the medium and not in a vacuum. The downward-generated waves cannot reach the detector in geometry I, and the upward-generated waves can reach it only after negotiating the interface, as described by the Fresnel coefficients. Adding up the contribution from all the sheets implicit in Eq. (4.3), we find that the secondharmonic field above the slab, which is due to the bulk term of Eq. (4.1), is given by
The assumption of a thick slab allows us to ignore multiple reflections of the fundamental and of the second harmonic within the slab. These reflections would need to be included in describing a thin film. The integral in Eq. (4.4) is given by and X is the wavelength of the fundamental. When T = , the magnitude squared of Eq. (4.5), and hence the generated second-harmonic power, is at a maximum. Hence r is a measure of the depth of the material that effectively contributes to the bulk SHG and could therefore be suggestively referred to as the coupling depth. That there is a limited coupling is simply due to the lack of phase matching in the bulk. For a substratelike fused silica, with X = 532 nm and Oin = 45°, we find a coupling depth of about 500 A. The coupling depth is small compared with the coherence length in the same medium, which is the normal measure of effective interaction length for SHG in a noncentrosymmetric medium, because the SHG takes place in the backward direction, where the phase mismatch is particularly large.
In practice, when a confined laser beam of diameter less than T is used, the full thickness of the slab T is not the appropriate quantity to use in Eq. (4.5) because of the effect of beam walk off. In such a case, a detailed calculation would lead to some averaging over K in the exponential of Eq. (4.5), since the finite beam consists of a superposition of plane waves. For T large enough, the averaging leads to the effective neglect of the exponential term. This term may also be neglected for an absorbing medium in which T >> [Im(W + 2w)]-l. In these instances, proceeding with Eq. (4.4) and using Eq. (4.5), we find (4.10) where H was given by Eq. (3.8). Thus an interference occurs between the bulk and the surface contributions. It is useful to have an explicit representation of this expression. To obtain this representation, it is necessary to define the polarization properties of the fundamental and the detected second-harmonic beams. We write (see Fig. 4 Fig. 4 . Diagram illustrating the definitions of the polarization properties of the fundamental and second-harmonic fields in the reflection geometry of Fig. 3(a) .
e0ut. -9 = sin y', (4.12)
where -y' and 3' now apply to the second harmonic. A possible overall phase factor has been set equal to unity in each case as it will not affect the final outcome. After performing some straightforward algebra, it is now possible to put Eq. (4.10) into the explicit form In closing this section, we make a few comments on the form of Eq. (4.13). First, we see that for all angles of incidence and polarization the second-harmonic signal depends on only the three independent quantities X± -xliii, xs±, and xsiii + E-'(2w)YB. Thus no experiment in geometry I can determine separately x4l l1 and YB, a point first noted by Wang' 3 in the special case of linearly polarized incident light. In fact, it was demonstrated recently 4 that this result is considerably more general than Eq. (4.13) would imply, applying equally well to all geometries and not restricted to incident plane waves.
Second, we note that when 0 = 00 (i.e., fundamental propagating normal to the surface), P(2w) = 0. This can be shown to hold in all four geometries and has the important practical consequence that a glass filter at normal incidence just after the sample may be used to attenuate the fundamental without generating any second harmonic at its surfaces.
Finally, we can see that when y = 0 (fundamental p polarized) or -y = 900 (fundamental s polarized), the second harmonic comes out p polarized (y' = 0). Further, when the fundamental is circularly polarized in the medium, so that 5 = ±ir/2 and (toms sin -y) 2 = (tomp cos y) 2 , i.e., el w el = 0, then the contribution from the term [xl III + ,E-(2o)YB] vanishes, implying that, in this case, there is no contribution from the bulk, only from the surface. Alternatively, when y' = 900 (analyzer set to detect the s-polarized second harmonic), and y is not 00 or 90°, there is again only a surface contribution.
SUMMARY
In summary, then, we have applied a Green function method to the problem of describing SHG from planar surfaces. We have calculated the essential measurable parameters of the second harmonic, in terms of the fundamental properties and the surface nonlinear susceptibility, for a thick slab of linear polarizable material with nonlinear surfaces in four different geometries (two reflection, two transmission). In all these cases the result can be expressed in the form with only the effective polarization vectors ew and e 2 w (defined in Table 2 ) depending on both the actual polarizations involved and the geometry and materials at hand.
For the most widely used reflection geometry an explicit representation of Eq. (5.1) was given, and the bulk contribution was included. Equation (5.1) agrees with the result of Heinz 3 for the same geometry, when the appropriate correspondence is made, but does not agree with that of Dick et al.," who begin their work with the correct results of Bloembergen and Pershan 2 but then make an assumption inconsistent with those results.
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